Radial-Axial Ring Rolling (RARR) is an industrial forging process for making strong, seamless metal rings. Conventionally, rings are made circular with constant cross-section. In this work we demonstrate a sensing and control strategy to create rings with variable radial wall thickness and variable curvature using standard RARR hardware. This has a number of potentially useful applications but also provides an understanding of how to control these properties for conventional RARR. The sensing uses a calibrated video camera to take a series of images of the ring top surface. Image processing is employed to measure and track the ring material in-situ. The complete state of the ring is represented by the ring thickness and curvature as a function of its volume fraction, which is computed by combining the measurements from the unoccluded areas with estimates of the ring shape elsewhere. Additionally, we present a marking technique for tracking of material as it rotates through the rolling machine, even after significant deformation of the ring has occurred. We show that rings with a wide range of variation in local thickness and curvature can be formed using conventional RARR hardware and a photogrammetric state measurement technique, combined with open-loop scheduling and feedback control of thickness and curvature. Rings with both variable thickness and non-circular shapes have been produced virtually using numerical simulations and in reality using modelling clay as a material to simulate metals at forging temperatures. We demonstrate that this technique extends the range of shapes achievable with standard RARR hardware.
Introduction
Radial-Axial Ring Rolling (RARR) is an industrial hot forging process that produces seamless metal rings with desirable material properties [11] . Figure 1 shows the configuration of a conventional machine:
-the mandrel compresses the ring wall radially against the forming roll in the radial pass, and the forming roll is driven to draw the ring into the roll gap using friction whilst the mandrel rotates idly; -the radial roll gap between the mandrel and forming roll is closed over successive rotations to reduce the radial wall thickness; -the axial rolls are also driven and their roll gap can be closed to reduce the ring's axial height; -the guide rolls apply a restoring moment to prevent the centre of the ring drifting away from the X-axis; -the ring diameter grows as the cross section area reduces over successive radial and axial passes, up to reaching the target diameter. roll or a laser distance sensor. The displacements to be prescribed for the different rolls are determined based on this measurement and a rolling curve, which prescribes the path from initial to final cross section [14] . Effectively, the closed-loop control system only accounts for the ring diameter, whereas the evolution of the cross-section is controlled with and open-loop tool path. The use of a camera measurement system in this work enables the control of ring curvature and radial thickness along its circumference. Recent developments in sensing in ring rolling using photogrammetry have shown that it is a practical observation technique [4, 6, 15, 16] . [6] showed that the function of the guide rolls could be replaced by controlling the relative driving speeds of the axial and forming rolls to keep the ring centred.
The majority of previous research in RARR has focused on improving the reliability of the conventional process or on the development of new process designs that increase the range of allowable ring geometry [2, 3] . This relates mainly to non-rectangular ring cross sections, for which each desired cross section requires its own specific tool geometry [10, 20] . Recently, a ring rolling process has been developed to produce rings with different cross sections, without using part-specific tooling [8, 9] . Such an increase in production flexibility significantly extends the applicability of ring rolling for products, which are produced in small batches. The current work aims at extending the flexibility of ring rolling processes, through simultaneous control of variable radial thickness [6] and variable curvature [5] . It will be shown that creating rings with both variable radial thickness and variable curvature is possible using conventional rolling hardware with additional sensing and control.
Geometry measurement during RARR
Ideally, a ring will not deviate from a perfect cylindrical tube at any point during conventional RARR. However, in practice this is not always the case, as a forged preform has a rounded wall shape [21] , and rolling errors, such as cavity formation, fishtail defects, non-circularity, conicity, dishing and waviness lead to deviations from a perfect cylindrical shape [2] . The use of single-point measurement devices, such as laser distance sensors, is sufficient for tracking the shape of a perfect cylindrical ring, but more advanced measurement systems must be used when the ring shape significantly deviates from the ideal shape. In this work, the rings are targeted to have variable thickness and curvature, leading to strong deviations from perfect circularity in the XY-plane (Fig. 1) . It is assumed that axial shape deviations (in Z-direction) will be small. Therefore the shape of the ring can be described by its intersection with the XY-plane and its mean axial height. An exemplar ring shape with bending and significant variations in radial thickness is shown in Fig. 2 . To address this measurement challenge, photogrammetry has been employed, which captures the two-dimensional shape of the top surface (where not occluded by tools). Ring rolling trials with clay material have been performed in this work, and the experimental setup including measurement equipment is shown in Fig. 3 .
In addition to measuring the overall shape of the ring, it is also necessary to track the movement of the ring material relative to the tools. The relative speed of the forming roll Fig. 3 Experimental setup for clay rolling trials, including video camera for recording the top surface of the ring [6] and the ring material are difficult to determine accurately due to changing contact conditions that lead to variable amounts of slipping. Therefore, an optical tracking strategy has been adopted. Surface features are invariably apparent in hot ring rolling, but for faster detection and more robust tracking, markers were applied to the rings in this work to locate the ring material. In practice, it is anticipated that periodic water jet spraying or high-temperature paint may be applied in the industrial process to assist with tracking. It may be possible to use digital image correlation to track arbitrary random surface features, but the computational effort in identifying known patterns is less than tracking random surface features, although this may be necessary when marking is not appropriate.
In this paper, the image processing procedure for tracking of the state of the ring is explained in Chapter "Image processing". Process control for variable thickness and variable curvature is discussed in Chapter "Process control". Chapter "Test results" presents trials for two different rings which have been simulated and produced with clay material. Finally, conclusions and discussion are found in Chapter "Conclusions and future research opportunities".
Image processing
The objective of the image processing algorithms is to estimate the current state of the ring geometry necessary for control of the process. A frame of video footage of the top surface of the ring (Fig. 4) is processed by a bespoke image-processing algorithm, which makes use of the nature of the ring shape to improve the speed, efficiency and accuracy of the numerical procedures. The estimated state of the ring's shape is then passed to the controller, which calculates the actuation required to forge the ring into the targeted shape. This section covers all parts of the image processing procedure, which are extracting ring boundaries ("Extracting ring boundaries"), local midline and thickness detection ("Ring midline and thickness"), tracking of ring rotation ("Ring rotation"), ring tracking in occluded regions ("Occluded regions and ring segmentation") and temporal filtering ("Temporal filtering").
Extracting ring boundaries
The boundary points of the ring in the RGB (red-greenblue) colour image are determined to nearest-pixel precision by segmenting the image into ring material and nonring material. The scene containing the ring, as shown in Fig. 4 , is configured to make the segmentation and edge detection task simpler. The background is kept dark and non-reflective. In hot RARR, the ring glows with heat, which contrasts clearly with the dark background, but in . Image (b) shows the image that would be acquired by the camera. The top surface of the ring is occluded by the axial rolls and the mandrel. The inner cylindrical surface of the ring is lit by ambient light only cold rolling the ring has to be illuminated by a light near the camera, so that the top surface of the ring is more strongly lit than the inner ring wall (the effect of which is shown in the simulated rendering of Fig. 4 ). The inner wall can also be painted black to enhance the contrast.
The full ring boundary detection process is outlined in Fig. 5 . The segmentation is performed by creating a single user-defined combination function for the RGB colour channels so that the brightness of the ring material is maximised in the resultant grayscale image (ratio 100% for red, 51% for green and 2% for blue). The grayscale image is divided into ring and non-ring areas by a simple brightness threshold. The resulting image is filtered to select only the region with the largest contiguous area, which is the ring itself. The internal radial marker regions are removed by filling in any holes completely internal to the large area. The boundary pixels of the remaining regions are taken to be the edges of the visible ring material. Boundary positions close to the axial rolls and the radial roll gap are excluded because they do not represent the true boundary of the material. Additional filtering of the ring edges is applied by interpolating the radii (calculated relative to a centre determined by fitting an ellipse to the boundary) of the boundaries linearly with angle. This reduces the number of erroneous boundary points because the paths of the boundaries are close to tangential.
Ring midline and thickness
The objective of the image processing algorithms is to estimate the current state of the ring geometry necessary Fig. 6 The ring midline is calculated as the curve that connects the centres of the largest circles that fit touching, and tangential to, the inner and outer edges of the ring for control of the process. The ring is assumed to maintain a rectangular wall cross-section, and therefore the state of geometry can be described by the ring's axial height and radial thickness along a closed path within the ring wall. It is assumed that the ring height is constant across the ring, and that the derivative of the path is continuous along the closed path -the path stretches and bends only.
As plastic deformation is a local state variable defined at each material point, it is essential to prescribe and track the evolution of plastic deformation relative to each material point. Therefore, the prescribed thickness and curvature of the ring is defined relative to each slice of ring material. Since the total ring volume remains constant in RARR, the ring material is parametrized as the fraction of total ring volume, v f (s) = v(s)/V T , along the path s. This Lagrangian approach to tracking is essential for comparison between the current state of geometry and the targeted curvature and thickness evolution.
The ideal closed tangential path along the ring's wall is the curve that, with height and radial thickness defined perpendicular to the path, will result in the correct v f at any location along the path. This curve is the 'mean' curve through the ring wall, which we will denote as the 'midline'. For most shapes encountered during ring-rolling the midline is closely related to the longest 'medial-axis' or the 'skeleton' of the ring's two-dimensional shape in plane-view. Figure 6 shows the graphical construction for estimating an ideal midline from the boundaries of the upper surface of an arbitrary ring. In practice, this construction of the midline is very time consuming. A faster estimate of the midline (Fig. 7) is produced by fitting an ellipse to all edge points to determine the ring's centre C and the inner and outer radii, r i (θ) and r o (θ), and then calculating their mean at all discernible angles to estimate the coordinates of the midline as function of the angle:
The initial midline estimate is improved with the following procedure (Fig. 8) . First, the normal to M θ 1 (θ) and the intersections along this normal with the inner and outer edge boundaries are calculated. The distance between the intersection points at each angle, and their mean position, provide a reasonably accurate estimate of the normal thickness, T θ (θ) and the midline curve, M θ (θ) = [x(θ), y(θ)] T respectively. To calculate the thickness with volume fraction v f , the arc length around the midline is calculated, which produces M s (s) and T s (s) . Given the assumption of constant height h along the ring, the volume fraction along the path is found with:
Ring rotation
To control the deformation of the ring material, it is necessary to know v f (s) along the midline to align the targeted thickness and curvature relative to the current state. The speed of the ring cannot be accurately estimated by the speed of the rollers because they slip against the surface of the ring, so surface marking was employed which could be measured from the same images used to estimate the ring's boundary shape.
To estimate the position of the 'origin' in the ring, and v f from there, the tracking of only one location on the ring is required, and the position of the remainder of the midline can be estimated by integrating height and thickness along its length. However, this is not accurate when assumptions about the shape have been violated or disturbances in sensor data are present. Also, in practice, large fractions of the ring
The midline is parametrised by arc length and the thickness estimate is found using the distance between the normal intersections with the boundaries are periodically occluded, so the origin point would be lost. The practical solution to these issues in this work has been to use 12 initially-evenly-spaced markers and then estimate v f (s) in between, only over 1/12th of the ring. It is possible to increase the number of markers that are tracked, but more markers could be easily confused from one frame to the next, if they are closely spaced. Fewer markers could also be applied, but the error in estimating v f over a larger midline section would increase, and when fewer markers are visible between the tools there is a greater chance of losing the estimate of the origin position entirely if other disturbances prevent the tracking of some markers. The markers take the form of radial lines of colour that contrast with the ring material, as shown in Fig. 9 . The intersection between the midline and the radial line is the position in the material that is tracked. The markers are radial (as opposed to, say, dots) so that when the ring material is deformed and the markers deform by shearing and stretching, their intersection with the midline remains approximately constant and visible until the end of forming. The 'origin' of the ring is defined as the s = 0 position (2) and has a different colour than the other 11 markers.
Occluded regions and ring segmentation
When the ring passes under the axial rolls or through the radial roll gap, its upper surface edges are occluded from view by the camera. In these zones the thickness of the ring material perpendicular to the midline and the length of the midline is assumed not to change until it crosses the XZplane of the mill (Fig. 1) . The thickness of the ring at a particular volume fraction along the midline changes as it passes through the rollers, and it is difficult to accurately predict the change in thickness without full knowledge of the parameters governing the rolling conditions, such as friction, aspect ratio, temperature, etc. For this reason, the ring thickness and midline length between the roll gap exit side of the XZ-plane and the point at which the ring Fig. 9 A marked arbitrary ring shape with the midline, machine centre and ring centre identified reappears in view of the camera are estimated by assuming that the thickness of the ring is equal to the roll gap as it passed through. The midline length is calculated by knowing the volume of this region and assuming uniform ring height in this region. Practically, the region after the roll gap does not need to be estimated because it will be measured properly when the camera can see it again, and only the estimated geometry of the material that is about to enter the roll gap is needed for the controller.
It is important to know the volume fraction of the ring that is about to cross the XZ-plane in order to calculate the actuation needed. When implementing the controller, the finite time taken to process the sensor data requires the controller to estimate the control actuation for a whole segment of the ring about to enter the roll gap. In subsequent sections a 'segment' of the ring will be referred to, which is, ideally, a small volume fraction (<1%) of the ring and is assumed to be cuboid, with its length along the midline much shorter than the perpendicular directions. Figure 10 shows a ring split into 96 segments to visualise this scheme.
Temporal filtering
Once the material is tracked, the thickness at any particular volume fraction is measured repeatedly (where visible) and the thickness should remain constant at a given volume fraction v f between the exit side of one roll gap until entering the following roll gap. This permits the normal thickness estimates at all unnoccluded positions to be improved by filtering their thicknesses over several frames using median and moving-average filters. This filtering helps alleviate any errors in edge detection due to image noise, lighting changes, etc.
Process control
The photogrammetric procedure outlined in the previous section enables continuous tracking of the midline M s (s), thickness T s (s) and volume fraction v f (s) as function of the path length s (with s = 0 being the 'origin' of the ring). These continuous measurements are used for variable Fig. 10 The ring divided into segments thickness and curvature control. The radial gap between the mandrel and the forming roll is used to control the ring thickness, whereas the axial roll speed is used to control the local ring curvature. Hence, control of local thickness and local curvature are decoupled. In this chapter, the mechanisms for control of ring thickness and curvature are discussed. Open-loop scheduling and modelling for feedback control of ring thickness are discussed in "Open-loop radial gap planning for thickness control" and "Modelling for thickness feedback control" respectively. Open-loop scheduling and modelling for feedback control of ring curvature are discussed in "Open-loop curvature planning" and "Modelling for curvature feedback control" respectively.
Open-loop radial gap planning for thickness control
Due to the mechanical constraints of the rolling process, the thickness reduction per revolution must be limited. Conventional rolling closes the radial roll gap at a constant rate until the ring has reached its target diameter (wherupon the radial roll gap is held constant), whilst the forming roll rotates at a constant rate, which leads to a reduction in the ring's angular velocity as its radius grows.
With a variable wall thickness target, the radial roll gap must change much more rapidly in the final revolution of the ring to maintain contact with the ring. However, there is some choice in specifying the revolution in which the plastic change in thickness is obtained. For instance the ring could be rolled in the conventional manner, keeping constant thickness throughout the ring, until the thickness is at the maximum targeted thickness in the reference ring, and only then start reducing the thickness of the thinner segments in subsequent passes. In this work, the plastic change in thickness is divided into equal fractions per revolution to achieve the targeted thickness in a defined number of revolutions, but without exceeding the maximum thickness reduction permitted by the mechanics of the rolling conditions. The open-loop tool path is determined under the assumption of rigid plastic material behaviour, meaning that the resulting ring thickness is equal to the roll gap. In "Modelling for thickness feedback control" , a process model for feedback control is developed. This model accounts for springback, machine compliance and transverse strain in the axial roll pass. It will be shown that this model can be used to determine an improved open-loop tool path.
Modelling for thickness feedback control
The open loop tool path is determined under the assumption of rigid plastic material behaviour. However, axial passes increase the radial thickness due to the Poisson effect, and the thinning effect of radial passes is reduced by machine compliance and material springback (part of the deformation in the forming zone is elastic, and these compressive elastic strains reduce after leaving the forming area, leading to less thinning). Therefore, feedback control may be employed to increase forming accuracy. In this section, a feedback control algorithm is proposed based on mechanical modelling of the ring rolling process.
It is assumed that the cross section of each ring segment remains rectangular during rolling, and can be described with an axial thickness t a and a radial thickness t r . In this work, variable radial thickness is targeted, while the axial roll gap is kept constant in order to keep constant axial thickness during rolling. Let the radial thickness of a segment before the kth rotation be t r k , after the kth radial rolling pass be t r k+0.5 and after the kth rotation through both rolling stages be t r k+1 . The roll gap between the mandrel and forming roll for that segment in the kth rotation is u r k .
In the following derivation, it is assumed that the thickness evolution at a specific segment is independent of the thickness evolution in neighbouring segments. The derivation holds for a single ring segment, and is decoupled from other ring segments. It is key to keep in mind that the time index k represents different passes through the roll gaps of a single ring segment only. One could extend the model in order to relate the thickness evolution of neighbouring segments, but that it not considered in this work.
Due to springback and machine compliance, the radial thickness immediately after the radial stage is larger than the mandrel-forming-roll gap. It is assumed that the thickness after rolling t r k+0.5 is independent of the incoming thickness t r k , and can be modelled as:
where c r is a constant dependent on the rolling conditions. As the thickness after the pass will not be smaller than the roll gap, the condition c r ≥ 1 holds. The thickness after the pass depends on the machine compliance and on the amount of springback. It is expected to be in the range of 1 ≤ c r ≤ 1.1 for rolled metals.
Assuming that the resultant change of geometry caused by a rolling stage has no shear component and is uniform across the segment (so that cuboids remain cuboid), then the average plastic strains in the non-principal directions for the whole segment can be determined from the plastic ratio, λ, of the current stress state determined by the rolling conditions. In the radial rolling stage (where the majority of the strain achieved is radial) the plastic axial strain, a r , is then given by: a r = −λ r r r (4) where r r is the plastic radial strain. Similarly the plastic radial strain after the axial rolling stage:
where a a is the axial strain after the axial stage. For example, neglecting friction and without compressive stresses in the tangential ring direction, the stress state would be uniaxial, with a plastic ratio of λ r = 0.5. Due to compressive stresses in tangential ring direction [12] , the plastic ratio will be slightly larger than 0.5.
From the definition of true strain given by = ln(L/L 0 ), where L 0 is the original length and L is the resultant length, the plastic radial strain for the segment after the radial stage only is thus given by: As the axial thickness is targeted to remain constant during rolling, it is assumed that the axial roll gap is set such that the axial thickness after each axial pass is equal to the targeted axial thickness, t 
In the axial rolling stage, the segment is compressed axially under different rolling conditions, and the ratio of strains is modelled using λ a . The axial strain after the axial stage is given by a a = ln(t a k+1 /t a k+0.5 ), and the final axial height after the axial stage is again t a . The radial strain caused by the axial rolling stage can now be computed using Eq. 5: 
and then the final radial size can be obtained: 
The term c r relates to reduced thinning due to springback and machine compliance, and the term λ r λ a relates to transverse strain in the radial and axial pass. Without reduced thinning (c r = 1) and transverse strain (λ r λ a = 0), the equation reduces to the assumption used for determining the open loop path: t r k+1 = u r k . In order to determine the control action, Eq. 14 may be inverted for u r k : 
with e r k = (t r k − t r k ). The first two terms form an adapted open loop tool path that takes into account the predicted effects of reduced thinning and transverse strain. The third term represents the feedback control action which reacts on the measured error e r k . The control action is proportional only. When a series of final passes is performed with constant reference thickness t r f inal , the control action u r k stabilizes to a constant value. Assuming that the developed model is correct but that the model parameters λ a , λ r and c r are not exactly known, the final thickness t r f inal can be determined by calculating the control action from Eq. 16 with the model parameters λ M a , λ M r and c M r , and inserting the control action in Eq. 14 using the real but unknown parameters λ R a , λ R r and c R r . Using the condition that the thickness stabilizes to t r k+1 = t r k , it follows that the final thickness is:
which is only equal to 1 when c R r = c M r . In order to avoid a final shape error due to modelling errors, a PI controller can be used: (18) The control equation can be rewritten in an incremental form: (19) Finally, the controller equations are: 
The control system is schematically shown in Fig. 11 . The gain factors K p and K i are chosen relative to the gain factor determined in Eq. 16: 
For illustration, it is assumed that the model parameters are correctly chosen (λ M a = λ R a , λ M r = λ R r and c M r = c R r ) and that the value of λ R a = λ R r = 0.6. In this case, it follows that α + β/2 < 3.78 is the condition for system stability. Additional constraints should be taken into account to ensure that the tool and the ring do not lose contact. 
Open-loop curvature planning
The curvature of the midline of a ring as a function of midline arc length, κ s (s), is calculated from the midline path using:
κ s for a targeted ring shape is calculated in the same way from the targeted midline shape. When the targeted ring wall radial thickness is not constant, the curvature has to be calculated as a function of volume fraction around the ring to enable comparisons between current and targeted ring states, providing κ v (v f ). In addition, the curvature of the targeted ring shape is only achieved when the thickness has been reduced to the final targeted thickness and the total arc length, S max , has reached its targeted value too.
To make comparisons of the state of curvature between the current and final shapes, the curvature can be normalised by multiplying by S max to give a normalised curvature value:
All circular rings have mean normalised curvature of
An open-loop tool path can be constructed based on assumptions about the deformation mechanics. The change in curvature at the forming rolls depends on the rolling conditions and the constitutive behaviour of the ring material. If the material has rigid-plastic behaviour, there will be no springback and the state of a ring segment will not change after leaving the deformation zone. Hence, a first approximation for the rotation required is that the X-axis of the rolling mill should be held perpendicular to the targeted ring wall midline for the segment passing through the radial stage. For creating circular rings this means that the centre of the ring always lies on the X-axis. For desired ring shapes with midlines that differ from circular, for instance a smooth-cornered square as shown in Fig. 12 , the open-loop control objective would move the ring relative to the mill as shown. The angle δ between the X-axis of the mill (the line of action of the radial rolling stage) and the line connecting the centre of the ring to the centre of the current segment passing through the radial roll gap can be calculated offline as a function of v f .
The angle δ can be changed by adjusting the speed of the axial rolls relative to the forming roll so that the tangential ring speeds are not equal for both rolling stages. When the magnitude of the rolling speed at the axial roll gap is greater than at the radial roll gap, the axial rolls displace the ring wall in the Y-direction by a different amount to the radial Fig. 12 The open-loop control objective for the example of a smoothcornered square ring roll gap and this creates an 'opening' 1 or a 'closing' bending moment within the radial roll gap. If the bending moment exceeds the plastic bending moment for the ring wall within the radial roll gap then a plastic hinge forms there, causing a permanent change in ring wall curvature. Because the ring is a closed loop, there must be an opposite change in curvature in the ring wall remote from the bent region for compatibility to be maintained, but this is distributed over a longer arc length by elastic bending caused by the residual stresses. Assuming that the axial rolls impose a force on the ring which acts perpendicular to the mill axis (i.e. in Ydirection), the maximum bending moment in the ring occurs at the radial rolls. In combination with compressive forces applied by the mandrel-forming roll pair, the material will yield at the radial roll gap, leading to localisation of the plastic bending, which is useful for decoupling the effect of changing the curvature in one region of the ring wall from neighbouring regions.
The closed-loop positioning of the ring to achieve the predetermined δ angle is performed using an inner PID control loop for the speed of the axial rolls relative to the speed of the forming rolls about the nominal rolling velocity (Fig. 13) .
Modelling for curvature feedback control
Simplifying assumptions about the mechanisms of curvature evolution in RARR have been used for construction of the open-loop curvature path in the previous section. In order to improve geometrical product accuracy, feedback control may be employed. A control diagram including open-loop and feedback control is shown in Fig. 13 . Such a feedback control system can be tuned based on process Fig. 13 Diagram for curvature control, with a feedback (FB) loop, a feedforward (FF) loop and an internal PID controller for control of the ring angle δ data or using a process model, similar to the analytic model used for thickness feedback control in "Modelling for thickness feedback control". Furthermore, a model may account for the change of process response with evolving product state, which will be difficult to identify based on process data only. In this section, it is discussed how such a model may be developed.
For construction of the open-loop tool path, it is assumed that no springback occurs and, therefore, that the midline must remain perpendicular to the X-axis of the rolling mill. Due to springback, additional curvature change must be generated by rotating the ring with an additional angle α (Fig. 14) . Similarly to the model for local ring thickness control, a model that relates the angle α to the resulting curvature can be used to both improve the open-loop tool path as well as to estimate appropriate feedback control actions.
Developing a model for the curvature evolution in ring rolling is not as straight forward as for the thickness reduction. Several analytical models have been developed for ring rolling, with the objective to estimate ring growth rate (e.g [22] ), process forces (e.g. [19] ) or constraints of process conditions (e.g [7] ). With respect to curvature evolution, [17] reviewed analytical and numerical curvature evolution models for the sheet rolling process, which has δ α Fig. 14 Additional ring rotation α in order to account for springback strong similarities with the ring rolling process. They showed that these works present contradictory results, as curvature evolution depends on many factors and is therefore difficult to predict. Following to this work, [18] developed a modelling framework of the ring rolling process, which accounts for non-circular, non-centred and non-coaxial rings. He uses an extended slab method for the deformation zone and an elastic curved beam model for the rest of the ring. Although no appropriate coupling of these models was found to ensure system convergence, the equations can be used as a starting point for the development of a curvature evolution model for process control. As the extended slab model depends on the roll gap, the thickness reduction and curvature evolution models will become coupled, which must be accounted for in the controller design.
Test results
Past work has demonstrated that variable thickness rings with uniform curvature [4] and variable curvature rings with uniform thickness [5] can be created using conventional RARR hardware and the additional sensing described earlier. This paper has covered the theory behind the implementation of the control strategy in more depth for these two processes. We now present two trials of forming rings with combined varying thickness and varying curvature. The target geometries and open-loop tool paths are presented in "Target rings". The trials have been first simulated. The simulation procedure is explained in "Simulation procedure" and the results are presented in "Simulation results". Finally, experimental clay trial results are presented in "Clay trials".
Target rings
The two targeted shapes investigated here were: a D-ring with two short sections of thickened wall (Fig. 15a) ; and a smooth-cornered square ring with two opposite sides made thicker than the rest (Fig. 15b) . These rings are both formed from rings with initial inner and outer diameters of 45 mm and 85 mm respectively, and an axial height of 25 mm, which is kept constant during rolling. In Fig. 16 , the curvature of the midline as a function of volume fraction can be seen for both shapes. In Fig. 17 normal thickness as a function of volume fraction can be seen. Figure 18 shows the evolution of the open-loop radial roll gap path with subsequent rotations of the ring for the Dring and Fig. 19 shows the same data for the square ring. In conventional ring rolling the radial roll gap decreases with constant gradient. In contrast, for the open-loop path roll gap here the total strain in each segment was divided into equal parts for the first 10 rotations and 5 subsequent rotations maintained the final thickness commanded of each segment. The used open-loop tool path does not account for the effect of transverse strain and reduced thinning, i.e. it is assumed that the radial thickness after both passes is equal to the roll gap (t r k+1 = u r k ). Figure 20 shows the growth of the total midline length planned by the open-loop roll-gap paths of Figs. 18 and 19 assuming that the axial height does not change. Figure 21 shows the final normal angle δ, as function of volume fraction v f for both rings. The normal angle is used as the target for the internal PID controller of the speed of the axial rolls relative to the speed of the radial rolls.
Simulation procedure
The trials were conducted using the finite element method to simulate the mechanics of the rolling mill and the material deformation. The procedure was first outlined in [5] but can be summarised as follows: a 3D model of a ring is modelled using Abaqus Explicit with an additional user subroutine which periodically outputs the coordinates of the mesh to a text file. This text file was then read with Matlab and the ring was rendered as an image, as if being photographed by the optical camera in a real-world situation; the image processing and control algorithms were implemented in Matlab and a file containing actuation instructions was written and made available for Abaqus to read and implement over the course of the next period. In this way, the sensing and the control strategy did not have to be changed to control the simulated ring or a real-world rolling mill. The only significant operational difference between a real mill and the Abaqus-simulated mill is that the processing time could be, in effect, reduced to zero if so desired. However, a simulated delay in calculating the actuator settings was imposed to emulate the practical situation, although investment in improved computational hardware would reduce processing time for a real controller.
The simulations are performed to show that thickness and curvature of the rings can be controlled simultaneously. It is not intended to use the model for prediction of the manufacturing accuracy of the rolling procedure. Therefore, basic assumptions and settings have been used in the finite element model. A total of 1920 8-node linear brick elements with reduced integration have been used for the ring. A material model with a Young's modulus of 120 GPa, a Poisson's ratio of 0.3, and a yield strength of 500 MPa with linear work hardening is used. Figures 26 and 27 show the normal thickness achieved in the final ring shapes. It can be seen that the shapes are reasonably close to the reference shapes. Therefore, it can be concluded that the proposed sensing and control strategy can be used to produce rings with variable thickness and curvature. However, the observed deviations are too large for industrial application. Implementation of improved open-loop tool paths and feedback control for both thickness and curvature control as discussed in "Process control" can be used to improve production accuracy. It is however not in the scope of this work to investigate the effects of different control strategies on the accuracy of the rings. 
Clay trials
The trial shapes were also produced using the same control strategy using a desktop-scale RARR mill capable of rolling plasticine, which simulates the behaviour of metal at temperatures greater than half of the melting temperature [1] . In these real-world trials there were additional sources of error in the rolling process, primarily from underpowered actuators and a lack of machine stiffness. The resultant shapes achieved during these trials can be seen in Figs. 28 and 29 . Given that it is hard to separate the effects of the control strategy from the sources of error in the machine operation itself, we will not go into a detailed analysis of the dimensions of the final ring shapes. However, these results clearly demonstrate that it is possible to roll materials on real RARR hardware using the sensing and control strategy detailed in this paper.
Conclusions and future research opportunities
This work has described in detail a sensing and control strategy for adapting the conventional radial-axial ring rolling process to produce rings with variable wall thickness and variable curvature. Previous work has described the processes in isolation, but this is the first time that their combination has been shown to produce rings with a wide range of shapes. This is shown through numerical simulations and clay trials for two different target rings.
Using open-loop normalised tool path generation for the targeted shapes as a function of ring volume fraction permits the comparison of the evolving deforming body of the ring with the reference shape. This comparison is fundamental to the forming process and could be built upon further to automatically calculate the tool paths online using constrained feedback control. The control algorithm can be further improved through the development of better process models, or, if computational power permitted, through the use of other control strategies such as Model Predictive Control. Additional flexibility in the process can be achieved by incorporating simultaneous control of a variable axial height too, which will require additional sensing as well.
The development of a sensing and control system for production of rings with variable thickness and curvature using conventional RARR hardware leads to a major increase in the range of allowable ring geometry. This is of great importance to modern industry, as a wider range of products may potentially be produced with the benefits of RARR, such as efficient material usage and high material strength.
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